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5.1 Introduction
Proton, hydride and hydrogen-atom transfer reactions are ubiquitous in biological processes,1 and because of their relatively small mass, zero-point energy
and quantum tunnelling are signiﬁcant in determining free-energy reaction
barriers.2,3 The incorporation of nuclear quantum eﬀects (NQE) is also
important for reactions involving heavy atoms since one of the most direct
experimental assessment of the transition state and the mechanism of a chemical reaction is by measurements of kinetic isotope eﬀects (KIE),1 which are
of quantum-mechanical origin. This is illustrated by the work of Schramm and
coworkers,4 who developed highly potent inhibitors to the enzyme purine
nucleoside phosphorylase (PNP) based on the transition-state structure derived
from measured KIEs. In principle, Schramm’s approach can be applied to
other enzymes, but in practice it is often limited by the lack of an adequate
model to match computed and experimental KIEs. Therefore, it is of great
RSC Biomolecular Sciences
Quantum Tunnelling in Enzyme-Catalysed Reactions
Edited by Rudolf K. Allemann and Nigel S. Scrutton
r Royal Society of Chemistry 2009
Published by the Royal Society of Chemistry, www.rsc.org

105

106

Chapter 5

interest to develop practical computation methods to estimate KIEs for enzymatic reactions.
The challenge to theory is the diﬃculty to accurately determine the small
diﬀerence in free energy of activation due to isotope replacements. This is
further exacerbated by the complexity and size of an enzyme system that
requires statistical averaging. The computational accuracy demands both an
adequate treatment of the potential-energy surface that can properly describe
the change of the bond orders of the primary and secondary sites and an eﬃcient sampling procedure that can yield converged properties.5 In this chapter,
we describe an integrated path integral free-energy perturbation and umbrella
sampling (PI-FEP/UM) approach in molecular-dynamics simulations, and an
analytic, integration-free approach based on Kleinert’s variational perturbation theory6 that can systematically improve the accuracy and avoid numerical
convergence problems,7 to compute KIEs for chemical reactions.8–10 In addition, we present a mixed molecular-orbital and valence-bond (MOVB) theory11–14 that combines quantum mechanics with molecular mechanics (QM/
MM)15,16 to represent the potential surface of the reactive system. We show
that this coupling of a combined QM-MOVB/MM potential-energy surface to
describe the electronic structure with path integral–free energy simulation to
model the nuclear quantum eﬀects can yield remarkably accurate KIEs for
reactions in solution and in enzymes.
Of course, a variety of methods have been developed to treat NQE for gasphase reactions (see a recent review17). In principle, these techniques can be
directly extended to condensed-phase systems; however, the size and complexity of these systems make it intractable computationally. Thus, a main goal
is to develop new methods, or to extend gas-phase techniques to condensed
phases or biomolecular systems. One method that has been successfully
introduced to computational enzymology is the ensemble-averaged variational
transition-state theory with QM/MM sampling (EA-VTST-QM/MM),18,19
which has been applied to a number of enzyme systems.2,20,21 Both primary and
secondary KIEs can be computed using the EA-VTST-QM/MM method and
the method includes contributions of multidimensional tunnelling. In another
approach, Hammes-Schiﬀer and coworkers utilised a grid-based hybrid
approach to model NQE in hydrogen-transfer reactions by numerically solving
the vibrational wavefunction of the transferring hydrogen nucleus.22 So far,
only primary KIEs have been computed by this approach.
The discrete Feynman path integral method23,24 has been used in a variety of
applications since it oﬀers an eﬃcient and general approach for treating nuclear
quantum eﬀects in condensed-phase simulations.25–31 In principle, centroid path
integral simulations can be directly used to determine KIEs by carrying out two
separate calculations for the heavy and light isotope, respectively, and indeed,
this has been the approach in most applications; however, the convergence of the
computed free-energy barrier from dynamics simulations is typically not suﬃcient to ensure the desired accuracy for KIE, especially when heavy isotopes and
secondary eﬀects are involved. To this end, we have developed a free-energy
perturbation technique10 by perturbing the atomic mass from light to heavy
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isotopes in a bisection path integral sampling scheme, and this has tremendously reduced the statistical uncertainty in the computed KIEs.32
The integrated path integral–free energy perturbation and umbrella sampling
(PI-FEP/UM) method involves two computational steps.10 First, classical
molecular-dynamics simulation is carried out to obtain the potential of mean
force along the reaction coordinate for a given reaction. Then, centroid path
integral simulations are performed to determine the nuclear quantum eﬀects.
The most signiﬁcant feature of these studies is that classical and quantum
simulations are fully separated, making it particularly attractive and eﬃcient
for enzymatic reactions. This computational approach has been explored previously in the work of Sprik et al.25 and in the quantised classical path (QCP)
method by Warshel and coworkers.33–35 The special feature in the PI-FEP/UM
method is to use a free-energy perturbation scheme to obtain accurate KIEs for
chemical reactions, by changing the atomic mass from one isotope into another
in path integral sampling.10
Discretised path integral simulations often face numerical convergence difﬁculties, especially in view of the required accuracy is less than a fraction of a
tenth of one kilocalorie per mole for computing KIEs. The analytic integration
results based on Kleinert’s variational perturbation theory does not have this
problem, and the perturbation series has been shown to be convergent exponentially and uniformly,6,36,37 making the second-order perturbation (KP2)
suﬃciently accurate for chemical applications.7 We describe an automated,
numerical integration-free centroid path integral method7 for estimating KIEs
for proton-transfer reactions to illustrate the computational power for potential applications to enzymatic reactions.
In the following we ﬁrst summarise the theoretical background, the representation of the potential-energy surface, and the PI-FEP/UM computational
details. Then, results and discussion are presented. The paper is concluded with
highlights of main ﬁndings.

5.2 Theoretical Background
5.2.1 Path Integral Quantum Transition-State Theory
The theoretical framework in the present discussion is path integral quantum
transition-state theory (QTST), which yields an expression of the quantummechanical rate constant. In the discrete Feynman path integral method,
each quantised nucleus is represented by a ring of P quasiparticles called
beads, whose coordinates are denoted as r ¼ ri; i ¼ 1,    ,P.23 The discrete
paths are closed with rP11 ¼ r1, in which each particle (bead) is connected
harmonically with its neighbours, corresponding to the imaginary time slices
ti ¼ ði  1Þ
hb=P. A key concept in QTST is the centroid variable in path
integration,27,38–42 deﬁned as the geometrical centre of the quasiparticles:
P
1X
ðnÞ
rðnÞ ¼
r
ð5:1Þ
P i¼1 i
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where the superscript (n) speciﬁes the nth quantised atom. The discretisation
parameter P is chosen to be suﬃciently large such that the numerical results
converge to the quantum limit. In this approach, the quantum-mechanical
equilibrium properties are obtained from the classical averages for a ﬁctitious
system governed by the eﬀective potential23
ðnÞ

Veff ½fri g; S ¼

N
P
X
pP X
n¼1

bl2n

ðnÞ

ðnÞ

ðri  riþ1 Þ2 þ

i

P
1X
ð1Þ
ðNÞ
Uðri ;    ; ri ; SÞ
P i

ð5:2Þ

where N is the number of quantised atoms, S represents the coordinates of all
ð1Þ
ðNÞ
classical particles, Uðri ;    ; ri ; SÞ is the potential energy of the system, and
b ¼ 1/kBT with kB being Boltzmann’s constant and T the temperature. In
eqn (5.2), the de Broglie thermal wavelength of atom n with a mass of Mn is
given by ln ¼ ð2pbh2 =Mn Þ1=2 . Note that the dynamics generated by the eﬀective
potential of eqn (5.2) has no physical signiﬁcance; it is merely used as a
procedure to obtain the correct ensemble of conﬁgurations.23,24
QTST is derived by writing the rate expression analogous to classical TST,
which includes a quantum activation term and a dynamical correction factor,39,42,43 and the QTST rate constant is given by

kQTST

.
1
6¼
_ z6¼ ebwðz Þ
¼ ojzj4
2

Zz6¼

dz ebwðzÞ

ð5:3Þ

N

where w(z) is the potential of mean force (PMF) as a function of the centroid
reaction coordinate z½r, za is the value of z½r at the maximum of the PMF,
_ z6¼ ¼ ð2=pbMeff Þ1=2 is a dynamical frequency factor approximated
and ojzj4
by the velocity for a free particle of eﬀective mass Meﬀ along the reaction
coordinate z½r direction. The exact rate constant is obtained by multiplying the
QTST rate constant by a correction factor or transmission coeﬃcient gq:43
k ¼ gq  kQTST

ð5:4Þ

Equations (5.3) and (5.4) have identical forms to that of the classical rate
constant, but unlike classical variational transition-state theory, there is no
variational upper bound in the QTST rate constant because the quantum
transmission coeﬃcient gq may be greater than or less than unity. Equation
(5.3) was initially derived with the assumption of a planar dividing surface
along a rectilinear reaction coordinate. Messina et al. described a generalisation
of the dividing surface that may depend both on the centroid coordinates and
on its momenta.42
There is no practical procedure to compute the quantum transmission
coeﬃcient gq in eqn (5.4). For a model reaction with a parabolic barrier along
the reaction coordinate coupled to a bath of harmonic oscillators, the quantum
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transmission coeﬃcient is the Grote–Hynes (GH) classical transmission coefﬁcient kGH.39,44 Often, the classical gq is used to approximate the quantum
transmission coeﬃcient; however, there is no correspondence between classical
and quantum dynamic trajectories and the eﬀects of tunnelling may greatly
aﬀect reaction dynamics near the barrier top.
As in classical TST, the PMF, w(z), can be computed from the equilibrium
average without any dynamical information, and it is deﬁned by
eb½wðzÞwðzR Þ ¼ ebDFðzÞ ¼

hdðz½r  zÞi
hdðz½r  zR Þi

ð5:5Þ

where zR is the minimum point at the reactant state in the PMF and the
ensemble average h  i is obtained by the eﬀective potential of eqn (5.2).
Equation (5.5) also serves as a deﬁnition of the path integral centroid free
energy, DF(z), at z relative to that at the reactant state minimum. Note that the
inherent nature of quantum mechanics is at odds with a potential of mean force
as a function of a ﬁnite reaction coordinate. Nevertheless, the reaction coordinate function z½r can be evaluated from the path centroids r,42–43,45 ﬁrst
recognised by Feynman and Hibbs as the most classical-like variable in
quantum statistical mechanics.23 Studies have shown that the activation free
energy in the centroid path integral QTST ‘‘captures most of the tunnelling and
quantisation eﬀects’’; which give rise to deviations from classical TST.46–49
It is also useful to rewrite eqn (5.3) in combination with eqn (5.5) as follows

kQTST ¼

1 bDF 6¼
CPI
e
bh

ð5:6Þ

where the centroid path integral free energy of activation DFa
CPI is deﬁned by
6¼
R
¼ DFðz6¼ Þ  FCPI
DFCPI

ð5:7Þ

and

R
FCPI

1
1
¼  ln
b leff

Z

z6¼

dz eb½DFðzÞ

ð5:8Þ

N

FR
CPI corresponds to the free energy of the system in the reactant (R) state
region relative to the lowest point (zR), which may be interpreted as the
entropic contributions or motions correlating with the progress coordinate z.
leﬀ is the de Broglie thermal wavelength of the centroid reaction coordinate
with an eﬀective mass Meﬀ at the dividing surface, which is determined in the
centroid path transition state ensemble.
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5.2.2 Centroid Path Integral Simulations
In centroid path integral, the centroid position, r, is used as the principle
variable and the canonical QM partition function of a hybrid quantum and
classical system, consisting of one quantised atom for convenience, can be
written as follows:23

Qqm
P

1
¼
O

Z

Z
dS

P
ds 2
lM

!3P=2 Z

dRebVeff ðfrg;SÞ

ð5:9Þ

where O is the volume element of classical particles, P is the number
of
R
quasiparticles,
V
({r},s)
is
the
eﬀective
potential
(eqn
(5.2)),
dR
¼
eﬀ
R
R
dr1    drP dðr ¼ sÞ in which the delta function dðr ¼ sÞ is introduced for use
in later discussion, and the centroid r is deﬁned in eqn (5.1). Importantly, eqn
(5.9) can be rewritten exactly as a double average in eqn (5.10), which is the
theoretical basis in the simulation approach of Sprik et al., called the hybrid
classical and path integral,25 of Hwang and Warshel, called QCP,34,35 and later,
of Major and Gao, called PI-FEP/UM.8–10


bDUðr;SÞ
Qqm
iFP;r iU
P!N ¼ Qcm hhe

ð5:10Þ

where the average h  iU is a purely classical ensemble average obtained
according the potential Uðr; SÞ (the potential U in eqn (5.2) with a single
centroid position for the quantised particle), the average diﬀerential potential is
given by
 r; SÞ ¼
DUð

P
1X
fUðri ; SÞ  Uðr; SÞg
P i

ð5:11Þ

and the inner average h  iFP;r represents a path-integral free-particle sampling,
carried out without the external potential Uðr; SÞ:10,34,35
R
h  iFP;r ¼

PP
2
2
dRf  geðpP=lM Þ i ðDri Þ
PP
R
2
2
dReðpP=lM Þ i ðDri Þ

ð5:12Þ

where Dri ¼ ri  riþ1 . In eqn (5.10), the factor Qcm is the classical partition
function deﬁned in,23
Qcm
P ¼

1
O

Z

Z
dS

ds ebUðs;SÞ

 3P=2 Z
PP
P
ðpP=l2M Þ
ðDri Þ2
i
dR
e
2
l

ð5:13Þ

where we have deﬁned the position of the quantised particle centroid to coincide with the coordinates of the corresponding classical particle s ¼ r.
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We note that Warshel and coworkers have exploited this idea, which they
called the quantised classical path (QCP) method, to estimate NQE for chemical reactions in solution and catalysed by enzymes.34,35 In QCP, the classical
simulations and quantum corrections are fully separated.50,51 The expression of
eqn (5.10) is particularly useful because the quantum free energy of the system
can be obtained ﬁrst by carrying out classical trajectories according to the
classical distribution, exp½bUðr; SÞ, and then, by determining the quantum
contributions through
free particle sampling based on the distribution
P
exp½bðpP=bl2M Þ Pi ðDri Þ2 . This double averaging yields the exact path
integral centroid density,10,25,34,35 which can be used to determine the centroid
potential of mean force:


ebwðzÞ ¼ ebwcm ðzÞ hdðz ¼ zÞhebDUðz½r;SÞ iFP;z iU

ð5:14Þ

where wð
zÞ and wcm ðzÞ are the centroid quantum-mechanical and the classicalmechanical PMF, respectively, and the average diﬀerence potential energy
 z½r; SÞis given in eqn (5.11).
DUð

5.2.3 Kinetic Isotope Eﬀects
We ﬁrst present two algorithms for estimating KIEs using centroid path integral simulations in the context of QCP34 or hybrid quantum and classical
sampling.25 Then, we present a third algorithm, making use of Kleinert variational perturbation (KP) theory6 that determines the centroid potential of the
mean force analytically without the need of performing discretised path integral
sampling.7

5.2.3.1

Sequential Centroid Path Integral and Umbrella
Sampling (PI/UM)

Using eqn (5.6), the kinetic isotope eﬀects between a light isotope L and a heavy
isotope H can be computed by
KIE ¼

R
R
R
R
kL
L 6¼
H 6¼
¼ eb½DF ðzL ÞDF ðzH Þ ebfFCPI;L ðzL ÞFCPI;H ðzH Þg
kH

ð5:15Þ

6¼
R
R
where z6¼
L , and z
H are, respectively, the values of the centroid reaction
L , z
H , z
coordinate at the transition state and reactant state minimum for the light and
R
R
heavy isotopes, and FCPI;L
ð
zR
zR
L Þ and FCPI;H ð
H Þ are the free energies deﬁned by
eqn (5.8) for the two isotopes, respectively, which depend on the eﬀective
masses associated with the centroid reaction coordinate at the transition state.
Equation (5.15) shows that KIEs may be determined by computing the
potentials of mean force separately for the L and H isotopes,9–10,34,35,52 and this
can be achieved by ﬁrst performing umbrella sampling using classical molecular
dynamics and then by performing centroid path integral free-particle sampling
with the constraints that the centroids of the quantised particles coincide with
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the corresponding positions sampled in the classical trajectory. This is, indeed,
what is typically done.9,34,35,52 However, the statistical ﬂuctuations in the actual
simulation for computing the potential of mean force is typically as large as, or
even greater than, the isotope eﬀect itself, resulting in poor convergence.10 To
alleviate this diﬃculty, in refs 9 and 10, we have introduced a procedure such
that the discretised beads positions for the heavy and light atoms are obtained
from exactly the same sampling sequence. Thus, the heavy and light path
integral beads distributions diﬀer only by their relative spread from the centroid
position, which is determined by the corresponding de Broglie wavelength.
To enhance convergence in these centroid path integral simulations, we have
developed a bisection sampling technique for a ring of beads, called BQCP, by
extending the original approach of Ceperley for free particle sampling in which
the initial and ﬁnal beads are not connected.53,54 In our implementation, we
ﬁrst make the bisection sampling as originally proposed by Ceperley,53,54
enforcing the ﬁrst and last beads to be identical to enclose the polymer ring.8,9
Then, we make rigid-body translation of the centroid position of the new beads
conﬁguration to coincide with the target (classical) coordinate. Since the freeparticle distribution is known exactly at a given temperature, each ring-bead
distribution is generated according to this distribution and thus 100% accepted.54 Furthermore, in this construction, each new conﬁguration is created
independently, starting from a single initial bead position, allowing the new
conﬁguration to move into a completely diﬀerent region of conﬁgurational
space. This latter point is especially important in achieving convergence by
avoiding being trapped in a local region of the classical potential in the
path integral sampling. The BQCP method has been thoroughly tested8,9 and
applied to several condensed-phase systems.9–10,55,56

5.2.3.2

The PI-FEP/UM Method

The second algorithm is to obtain the ratio of the quantum partition functions
(eqn (5.10)) for two diﬀerent isotopes directly through free-energy perturbation
(FEP) theory by perturbing the mass from the light isotope to the heavy isotope.10 In other words, only one simulation of a given isotopic reaction is
performed, while the ratio of the partition function, i.e. the KIE, to a diﬀerent
isotopic reaction, is obtained by FEP within this simulation. This is in contrast
to algorithem 1, in which two separate simulations are performed, and this
diﬀerence results in a major improvement in computation accuracy for KIE
calculations.10,32
Speciﬁcally, eqn (5.15) for computing kinetic isotope eﬀect is rewritten in
terms of the ratio of the partial partition functions at the centroid reactant and
transition state and is given by:
#
"
#"
QLqm ð
z6¼
QH
zR
R
R
kL
qm ð
H Þ bfFCPI;L
LÞ
ð
zR
zR
L ÞFCPI;H ð
H Þg
KIE ¼ H ¼
e
R
6¼
L
H
k
zL Þ
Qqm ð
zH Þ Qqm ð

ð5:16Þ
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where the ratio of the partition function can be written as follows:
P L!H

Pb
DUi
i
QH
ð
z
Þ

hdðz

z
Þhe
ebDUL iFP;L iU
qm
¼
o
QLqm ð
zÞ
hdðz  zÞeb½FL ðz;SÞFFP  iU
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ð5:17Þ

where the subscripts L speciﬁes that the ensemble averages are done using the
o
light isotope, DUL is deﬁned by eqn (5.12), FFP
is the free energy of the free
particle reference state for the quantised particles,23 and DUiL!H ¼ Uðri;H Þ 
Uðri;L Þ represents the diﬀerence in ‘‘classical’’ potential energy at the heavy and
light bead positions ri,H and ri,L. In the bisection sampling scheme, the perturbed heavy isotope positions are related to the lighter ones by
rﬃﬃﬃﬃﬃﬃﬃﬃ
lM L yi
ri;L
MH
¼
¼
; i ¼ 1; 2;    ; P
ð5:18Þ
ri;H lMH yi
ML
where ri,L and ri,H are the coordinates for bead i of the corresponding light and
heavy isotopes, lML and lMH are isotopic masses for the light and heavy nuclei,
and yi is the position vector in the bisection sampling scheme that depends on
the previous sequence of directions and has been fully described in ref. 8.
Equation (5.18) indicates that the position vectors for the corresponding heavy
and light isotope beads in the path integral simulation are identical, thereby,
resulting in the relationship that bead positions are solely determined by the
ratio of the square roots of masses.
In eqn (5.17), we obtain the free-energy (inner average) diﬀerence between the
heavy and light isotopes by carrying out the bisection path integral sampling
with the light atom and then perturbing the heavy isotope positions according to
eqn (5.18). Then, the free-energy diﬀerence between the light and heavy isotope
ensembles is weighted by a Boltzmann factor for each quantised conﬁguration.

5.2.3.3

Kleinert’s Variational Perturbation (KP) Theory

The canonical partition function QQM for a quantised particle in the bath of
classical solvent can be written in terms of the eﬀective centroid potential w, as
a classical conﬁguration integral:

Qqm
P

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ZN
MkB T
¼
ebwðrÞ dr
2p
h2

ð5:19Þ

N

where M is the mass of the quantised particle, h is Planck’s constant divided by
2p. In the 1980s, three groups proposed a variational method,39,57,58 known as
the Feynman and Kleinert (FK) variational method that yields an upper bound
of wðrÞ and has been successfully used in a variety of applications.59–62 Kleinert
later showed that the FK approach in fact is just the ﬁrst-order approximation
to a general variation perturbation theory,6,36 and the new Kleinert perturbation theory (KP) has been shown in several model systems to have very
attractive features, including exponentially and uniformly convergent. For
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example, the electronic ground-state energy of a hydrogen atom converges at
accuracies of 85%, 95% and 98% in the ﬁrst three orders of KP expansion. The
KP theory does not suﬀer from the numerical convergence issues in discretised
path integral simulations; however, it has so far only been applied to a few
limited model cases beyond the ﬁrst-order approximation, i.e. the Feynman–
Kleinert approach.
We have shown recently that the KP theory can be adopted in chemical
applications to determine KIEs for chemical reactions, and because of its fast
convergence the second-order perturbation, denoted by KP2, can yield excellent results for a series of proton-transfer reactions.7 We brieﬂy summarise the
key elements of our theoretical development based on the Kleinert variational
perturbation theory.
The nth-order KP approximation WOn ðrÞ to the centroid potential wðrÞ is
given by
Er
Er
1 D r
1 D
Vp ½rðt1 Þ
þ 2 Vpr ½rðt1 ÞVpr ½rðt2 Þ
O;c 2!
O;c
h

h
*
+r
n
ð1Þn Y
þ  þ
Vpr ½rðtk Þ
n
n!h
k¼1

bWOn ðrÞ ¼ ln QO ðrÞ 

ð5:20Þ

O;c

where the angular frequency O is a variational parameter, which is introduced
to deﬁne the perturbation potential Vpr ½r ¼ Uðr; SÞ  UOr ðrÞ about the reference
state at r with the harmonic potential UOr ðrÞ ¼ ðM=2ÞO2 ðr  rÞ2 . The local
quantum partition function of the harmonic reference state QO ðrÞ is given as
follows:
QO ðrÞ ¼

bhOðrÞ=2
sinhðbhOðrÞ=2Þ

ð5:21Þ

The remaining terms in eqn (5.20) are the nth-order corrections to approximate

the real system, in which the expectation value h  irO;c is called the cumulant.

The cumulants can be written in terms of the standard expectation value h  irO
by cumulant expansion. Kleinert and coworkers derived the expression for the
expectation value of a function in terms of Gaussian smearing convolution
integrals:6
*

n
Y
k¼1

n R
Q
bh

+r
F½rk ðtk Þ

¼
O

j¼1

0

dtj

n R
Q
N
k¼1

N

drk Fðrk ðtk Þ

fð2pÞn Det½a2tk t 0 ðOÞg3=2
k
(
)
n X
n
1X
2
 exp 
ðrk  rÞ : atk tk0 ðOÞðrk0  rÞ
2 k0 ¼1 k¼1

ð5:22Þ
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where Det½a2tk t 0 ðOÞ is the determinant of the n  n matrix consisting of the
k
Gaussian width a2tk t 0 ðOÞ, a2
tk tk0 ðOÞ is an element of the inverse matrix of the
k
Gaussian width, which is given by
a2tk t 0 ðOÞ ¼
k



1
b
hO cosh½ðjtk  tk0 j  bh=2ÞO

1
2 sinh½b
hO=2
bMO2

ð5:23Þ

As n tends to inﬁnity, WOn ðrÞ becomes independent of the variational parameter
O. At a given order of the KP theory, the optimal frequency is given by the least
dependence of WOn ðrÞ on O, which is the solution to the equation of the lowestorder derivative of WOn ðrÞ setting to zero.6 Thus, a self-consistent iterative
procedure is carried out. Given an initial trial of O, the corresponding Gaussian
widths are determined using eqn (5.23), with which a new WOn ðrÞ is obtained.
This is then used to obtain a further value of O until it is converged.7
An especially attractive feature of eqn (5.20) is that if the real system
potential U is expressed as a series of polynomials or Gaussian functions,
analytic expressions of eqn (5.18) can be obtained,7 making the computation
extremely eﬃcient because there is no need to perform the time-consuming
Monte Carlo or molecular dynamics sampling of the path integrals. If the
real potential is expanded to the mth-order polynomial and the KP theory is
terminated at the nth order (eqn (5.20)), we denoted our results as KPn/Pm.
If the number of quantised particles is N, the angular frequency variational
variable is a 3N3N matrix, and this coupled with the 2n-dimension integrals in
eqn (5.22) makes the use of KP theory rather laborious and has been a major
factor limiting its applications beyond the KP1 level, the original FK approach.
To render the KP theory feasible for many-body systems with N nuclei for a
given conﬁguration fri ; i ¼ 1;    ; N g, we make use of instantaneous normal
mode (INM) coordinates fqðri ; i ¼ 1;    ; NÞg3N and assume their motions
can be decoupled. Thus, system potential U({r},S) can be expanded in terms of
the INM coordinates at fri ; i ¼ 1;    ; N g, and hence, the multidimensional
potential is eﬀectively reduced to 3N one-dimensional potentials along each
normal coordinate. This approximation is particularly suited for the KP theory
because of the exponentially decaying property of the Gaussian convolution
integrations in eqn (5.22). With the INM approximation, the total eﬀective
centroid potential for N-quantised nuclei can be simpliﬁed as:
WOn ðfri g3N ÞEUðfri g3N ; SÞ þ

3N
X

WOn i ðfqi g3N ; SÞ

ð5:24Þ

i¼1

where WOn i ðfqi g3N ; SÞ is the centroid potential for normal mode i of the
quantised system in the classical bath coordinates of the remainder of the
system. Although the INM approximation sacriﬁces some accuracy, in return,
it allows analyses of quantum-mechanical vibration and tunnelling and their
separate contributions to the total quantum eﬀects. Note that positive and
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negative values of WOn i ðfqi g ; SÞ in eqn (5.24) raise (vibration) and lower
(tunnelling) the classical potential Uðfri g3N ; SÞ, respectively.

5.3 Potential-Energy Surface
Almost all enzyme reactions can be well described by the Born–Oppenheimer
approximation, in which the sum of the electronic energy and the nuclear
repulsion provides a potential-energy function, or potential-energy surface
(PES), governing the interatomic motions. Therefore, the molecular modelling
problem breaks into two parts: the PES and the dynamics simulations.
The potential-energy function describes the energetic changes as a function of
the variations in atomic coordinates, including thermal ﬂuctuations and rearrangements of the chemical bonds. The accuracy of the potential-energy function
used to carry out molecular-dynamics simulations directly aﬀects the reliability of
¼
6
the computed DFTST
and its nuclear quantum correction.5,20 The accuracy can be
achieved by the use of analytical functions ﬁtted to reproduce key energetic,
structural, and force constant data, from either experiments or high-level ab initio
calculations. Molecular-mechanical (MM) potentials or force ﬁelds,63,64 however,
are not general for chemical reactions, and it requires reparameterisation of the
empirical parameters for every new reaction, which severely limits its applicability. More importantly, often, little information is available in regions of the
PES other than the stationary reactant and product states and the saddle point
(transition state). On the other hand, combined quantum-mechanical and
molecular-mechanical (QM/MM) potentials oﬀer the advantages of both computational eﬃciency and accuracy for all regions of the PES.65,66

5.3.1 Combined QM/MM Potentials
In combined QM/MM potentials, the system is divided into a QM region and
an MM region.12,15,16,65,67–70, The QM region typically includes atoms that are
directly involved in the chemical step and they are treated explicitly by a
quantum-mechanical electronic-structure method, whereas the MM region
consists of the rest of the system and is approximated by an MM force ﬁeld.
The method of combining QM with MM was ﬁrst developed by Warshel and
Karplus for the treatment of conjugated polyenes with QM and the framework
with a force ﬁeld,15 and it was subsequently applied to an enzyme by Warshel
and Levitt in which electrostatic interactions between QM and MM were
introduced.16 The remarkable applicability of this approach that it enjoys
today was in fact not appreciated until more than a decade later when molecular dynamics and Monte Carlos simulations using combined QM/MM
potentials began to emerge.65,68,71 The QM/MM potential is given by:66,67
o
Utot ¼ hCðSÞjHqm
ðSÞ þ Hqm=mm ðSÞjCðSÞi þ Umm

ð5:25Þ

o
where Hqm
ðSÞ is the Hamiltonian of the QM-subsystem (the substrate and key
amino-acid residues) in the gas phase, Umm is the classical (MM) potential
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energy of the remainder of the system, Hqm=mm ðSÞ is the QM/MM interaction
Hamiltonian between the two regions, and CðSÞ is the molecular wavefunction
o
of the QM-subsystem optimised for Hqm
ðSÞ þ Hqm=mm ðSÞ.
We have found that it is most convenient to rewrite eqn (5.25) as follows:65,68
o
Utot ¼ Eqm
ðSÞ þ DEqm=mm ðSÞ þ Umm

ð5:26Þ

o
where Eqm
ðSÞ is the energy of an isolated QM subsystem in the gas phase,
o
o
ðSÞ ¼ hCo ðSÞjHqm
ðSÞjCo ðSÞi
Eqm

ð5:27Þ

In eqn (5.26), DEqm=mm ðSÞ is the interaction energy between the QM and MM
regions, corresponding to the energy change of transferring the QM subsystem
from the gas phase into the condensed phase, which is deﬁned by:
o
ðSÞ þ Hqm=mm ðSÞjCðSÞi  Ego ðSÞ
DEqm=mm ðSÞ ¼ hCðSÞjHqm

ð5:28Þ

In eqns (5.25)–(5.28), we have identiﬁed the energy terms involving electronic
degrees of freedom by E and those purely empirical functions by U, the combination of which is also an empirical potential.
Equation (5.26) is especially useful in that the total energy of a hybrid QM
and MM system is separated into two ‘‘independent’’ terms – the gas-phase
energy and the interaction energy – which can now be evaluated using diﬀerent
QM methods. There is sometimes confusion about the accuracy of applications
using semiempirical QM/MM potentials.72 Equation (5.26) illustrates that
there are two issues. The ﬁrst is the intrinsic performance of the model, e.g., the
o
Eqm
ðSÞ term, which is indeed not adequate using semiempirical models and that
would require extremely high-level QM methods to achieve the desired accuracy. This is only possible by using CCSD(T), CASPT2 or well-tested density
functionals along with a large basis set, none of which methods are tractable for
applications to enzymes. When semiempirical methods are used, the PES for
o
the Eqm
ðSÞ term, is either reparameterised to ﬁt experimental data, or replaced
by high-level results. Only in rare occasions when a semiempirical model yields
good agreement with experiment, are these methods directly used without
alteration.73,74
The second issue on accuracy is in the calculation of the DEqm=mm ðSÞ term. It
was recognised early on,65,69,75 when explicit QM/MM simulations were carried
out, that combined QM/MM potential is an empirical model, which contains
empirical parameters and should be optimised to describe QM/MM interactions. By systematically optimising the associated van der Waals parameters for
the ‘‘QM-atoms’’,65,69,75 both semiempirical and ab initio (Hartree–Fock) QM/
MM potentials can yield excellent results for hydrogen-bonding and dispersion
interactions in comparison with experimental data. The use of semiempirical
methods such as the Austin model 1 (AM1)76 or parameterised model 3
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(PM3) in QM/MM simulations has been validated through extensive studies
of a variety of properties and molecular systems, including computations of
free energies of solvation and polarisation energies of organic compounds,65,78
the free-energy proﬁles for organic reactions,55,73,79 and the eﬀects of solvation
on molecular structures and on electronic transitions.80,81
The QM/MM PES combines the generality of quantum-mechanical methods
for treating chemical processes with the computational eﬃciency of molecular
mechanics for large molecular systems. The use of an explicit electronicstructure method to describe the enzyme-active site is important because
understanding the changes in electronic structure along the reaction path can
help to design inhibitors and novel catalysts. It is also important because the
dynamic ﬂuctuations of the enzyme and aqueous solvent system have a major
impact on the polarisation of the species involved in the chemical reaction,
which, in turn, aﬀects the chemical reactivity.65,82 Combined QM/MM methods have been reviewed in several articles.66–67,83–85,

5.3.2 The MOVB Potential
A novel combined QM/MM approach has been developed that utilises a mixed
molecular-orbital and valence-bond (MOVB) theory to represent the reactive
potential-energy surface. In this MOVB approach, molecular orbital theory
based on a block-localised orbital scheme is used to deﬁne the Lewis resonance
structures.11,86 These Lewis resonance structures are called eﬀective diabatic
states, representing the reactant state, the product state or other states
important for the transition state of the chemical reaction under investigation,
which are coupled by conﬁguration interaction (CI).12–14 A closely analogous
model is the empirical valence bond (EVB) potential that has been used by
Warshel and coworkers,87 who approximate these eﬀective diabatic states by an
empirical force ﬁeld, making the computation cheap for simulation studies.
Although it is perfectly reasonable to use empirical force ﬁeld to represent these
diabatic states, provided that the force ﬁeld is adequately parameterised to
reﬂect the true electronic structure for the entire system, in practice, it is often
assumed that the atomic partial charges are invariant by taking values at the
reactant state and product state, respectively. This is a major shortcoming
because intramolecular charge polarisation is ignored, which leads to inconsistent representation of the bond orders for the ‘‘primary’’ and ‘‘secondary’’
sites when KIEs are being computed. Note that although it is possible to
parameterise the free-energy barrier and its change from water to the enzyme
by reproducing experimental results, there is no rigorous justiﬁcation for the
accuracy of the 3N-degree of freedom PES, casting doubt on results that
require a knowledge of the gradient and Hessian of the potential surface, a
prerequisite for computing KIEs.
Truhlar and coworkers developed a multiconﬁguration molecular-mechanics
(MCMM) method that involves a systematic parameterisation for the oﬀdiagonal element.88,89 The MCMM method is ﬁtted to reproduce ab initio
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energies and gradients. Thus, the MCMM potential as well as the MOVB
theory are proper empirical and ﬁrst-principle functions, respectively, for use in
computing nuclear quantum eﬀects and kinetic isotope eﬀects.

5.4 Computational Details
In the path integral simulations using algorithms 1 and 2, we employ a combined QM/MM potential in molecular-dynamics simulations.65,66 In these
studies, the solute is represented explicitly by an electronic-structure method
and the solvent is approximated by the three-point charge TIP3P model for
water.90 In the deprotonation of nitroethane by acetate ion, the standard
semiempirical AM1 model76 failed to yield adequate energetic results. Consequently, a set of speciﬁc reaction parameters (SRP) has been developed within
the AM1 formalism to ﬁt results from high-level ab initio theory as well as from
experiments.10,55 The performance of the SRP-AM1 model has been reported
previously, and we focus here on the study of the kinetic isotope eﬀects using
the PI-FEP/UM method.
In the study of carbon acid deprotonation using the KP2 theory, the solute is
treated by B3LYP/6-31+G(d,p) density functional theory, whereas the solvent
is represented by the polarisable continuum model with a dielectric constant of
78 for water. Note that the KP centroid path-integral method is numerical
integration free; thus, high-level electronic-structure methods such as DFT with
a relatively large basis set can be used. In these calculations, the potential along
each normal mode direction for the reactant state, transition state and product
state is determined at the B3LYP level by stepping in each direction at an
interval of 0.1 Å, and the resulting potential is ﬁtted to a 20th-order polynomial, whose Gaussian smearing integrals (eqn (5.22)) have been derived
analytically at the KP2 level. Thus, our results are obtained at the KP2/P20
level for the proton-transfer reactions of a series of aryl-substituted a-methoxystyrene compounds to acetate ion.
For algorithms 1 and 2, the simulations were performed using periodic
boundary conditions in the isothermal–isobaric (NPT) ensemble at 25 1C and
1 atm. A total of 898 water molecules were included in a cubic box of about
30  30  30 Å3. Nonbonded electrostatic interactions are described by the
particle-mesh Ewald summation method for QM/MM simulations,91 whereas
van der Waals interactions are smoothed to zero at 9.5 Å based on group–
group separations. The bond lengths and angles of solvent water molecules are
constrained by the SHAKE algorithm, and an integration step of 1 fs was used
for all calculations.92
The potential of mean force (PMF) proﬁle is obtained using the umbrella
sampling technique.93 For the proton-transfer reaction between nitroethane
and acetate ion, the classical reaction coordinate is deﬁned as the diﬀerence in
distance for the proton between the donor (a carbon of nitroethane) and the
acceptor (an oxygen of the acetate ion) atom: ZPT ¼ rðCa  HÞ  rðH  OÞ. A
total of ca. 4 ns of simulations were performed (with time step of 1 fs).
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The BQCP simulations employed 29 168 classical conﬁgurations for each
isotope (1H, 2H, and 3H; or H, D, and T), combined with 10 path-integral steps
per classical step. For the deprotonation reaction the nitroethane Ca-atom, the
abstracting acetate oxygen, the transferring proton, as well as the secondary
hydrogen atom, are quantised. Each quantised atom has spawned into 32
beads.
To estimate statistical uncertainties in the computed KIEs, the entire path
integral simulations have been divided into ten segments, each of which is
treated as independent simulations. Standard uncertainties (1s) were determined from the total average and those from the ten separate blocks. All
simulations employed the CHARMM program94 and all path-integral simulations used a parallel version that eﬃciently distributes integral calculations
for the quantised beads.8–10

5.5 Illustrative Examples
5.5.1 Proton Transfer between Nitroethane and Acetate Ion
The proton-abstraction reaction of nitroalkane by acetate ion is a classical
example, exhibiting an unusual Brønsted relationship in water, known as the
nitroalkane anomaly.95–97 This process is also catalysed by the nitroalkane
oxidase in the initial step of the oxidation of nitroalkanes.98 Valley and
Fitzpatrick reported a KIE of 9.2  0.4 for the di-deuterated substrate (1,1-2H2)
nitroethane in nitroalkane oxidase, and 7.8  0.1 for uncatalysed reaction by an
acetate ion in water.99 We have previously studied the solvent eﬀects and
reported preliminary results of H/D kinetic isotope eﬀects.55 Then, the KIEs
for all D and T primary and secondary isotope eﬀects were determined.32
The computed PMF, in which the ‘‘primary’’ and ‘‘secondary’’ hydrogen
atoms as well as the donor carbon and acceptor oxygen atoms are quantised for
the deprotonation of nitroethane by acetate, reveals a computed barrier of
24.4 kcal/mol,10,32,55 in reasonable accord with the experimental values of
24.8.99 Without the quantum contribution the computed barrier would have
been 27.4 kcal/mol, illustrating the importance of including nuclear quantum
eﬀects to accurately determine the free energy of activation for proton-transfer
reactions.100
The computed primary and secondary KIEs for D and T substitutions are
listed in Table 5.1. Figure 5.1 depicts an illustrative example of the computed
ratio of the partial quantum partition functions as a function of the centroid
path integral reaction coordinate. The kinetic isotope eﬀects have been computed without including the free-energy diﬀerence given in eqn (5.16), which
may introduce some errors in the present calculations. The computed
H
H/D primary and secondary intrinsic KIEs are kH
H =kD ¼ 6.63  0.31 and
H
D
kH =kH ¼1.34  0.13, respectively, whereas the total eﬀect where both primary
and secondary hydrogen atoms are replaced by a deuterium isotope is
D
kH
H =kD ¼ 8.31  0.13 (Table 5.1), which may be compared with the
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Table 5.1

Computed and experimental primary and secondary kinetic isotope
eﬀects for the proton-transfer reaction between nitroethane and
acetate ion in water at 25 1C.a

KIE

Expt.b

PI-FEP/UM

Primary KIE
H
kH
H/kD
H
kH
H/kT
D D
KD/kT
Secondary KIE
D
kH
H/kH
H T
kH/kH
T
KD
D/kD
Total KIE
D
kH
H/kD

6.63  0.31
12.96  0.98
2.17  0.04
1.340  0.132
1.375  0.183
1.096  0.039
8.31  0.13

7.8

a

Kinetic isotope eﬀects are determined by using the average value of the top two bins in the
potential of the mean force for the ratio of the partial quantum partition function for the transition
state, and the average value of the middle ﬁfteen bins for the reactant state. The bin size used for
data collection is 0.05 Å in the reaction coordinate, half of which may be considered as the error in
the reaction coordinate value.
b
Ref. [99].

Qqm(HH)/Qqm(DH)

0.4

0.2

0.0
-2

-1

0

1

ZPT (Å)

Figure 5.1

Computed ratio of the quantum-mechanical partition functions for the
primary H/D kinetic isotope eﬀects in which the secondary site is occupied
by a hydrogen along the proton-transfer reaction coordinate. The PI-FEP/
UM method was used.
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experimental value of 7.8. There are no experimental data for comparison
with the results of single-site substitutions.
The computational results allow us to examine the rule of the geometric
mean (RGM),101 which is expressed as follows:
H
D
D
kH
H =kD ¼ kH =kD ¼

D
ðkH
H =kD Þ
H
ðkH =kD
HÞ

ð5:29Þ

The RGM states that there is no isotope eﬀect from a second site on the kinetic
isotope eﬀect of the ﬁrst site.102 The rule was originally derived at the hightemperature limit with small quantum tunnelling corrections,101 and it has been
shown to have negligible deviations on model systems using semiclassical
transition-state theory.103 However, deviations or the observations of RGM
breakdown are often used as a measure of the extent of tunnelling in the system.102 Using the RGM of eqn (5.29), we obtain an estimated value of 8.88
(6.63  1.34) for the total deuterium KIE if the free energies of the primary and
secondary KIE were additive. This gives a ratio of 1.07 over the actual computed value (8.31). Another way of interpreting the results is that there is a
secondary kinetic isotope eﬀect of 1.07 on the primary kinetic isotope eﬀects:
gHD
HD ¼

H
ðkH
6:630
H =kD Þ
¼ 1:07
¼
D
D
ðkH =kD Þ ð8:308=1:340Þ

ð5:30Þ

This result indicates that there is some correction in the motions between the
secondary hydrogen and the primary hydrogen in the proton-transfer reaction
between nitroethane and acetate ion in water.
Primary and secondary tritium kinetic isotope eﬀects are also given in
H
H
T
Table 5.1, which have values of kH
H =kT ¼ 12.96  0.98 and kH =kH ¼1.37  0.18.
These eﬀects are greater than the deuterium KIEs because of its larger mass.
Employing the rule of the geometric mean, an estimated total tritium KIE of
T
kH
H =kT ¼ 17.8 is obtained.
The single site Swain–Schaad exponents104 is expressed below using the
notation of Huskey,102
nHD ¼

H
lnðkH
H =kT Þ
H
lnðkH =kH
DÞ

ð5:31Þ

nDT ¼

H
lnðkH
H =kT Þ
H
lnðkD =kH
TÞ

ð5:32Þ

and

These equations assume that the isotope eﬀects are determined solely by the use
of a one-frequency model with contributions only from the zero-point energy
without tunnelling. Studies have shown that the value of nHD for primary KIEs
is typically in the range of 1.43–1.45.102 Deviations from these values are
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thought to be indications of contributions from tunnelling. Using the data in
ð1Þ
Table 5.1, we obtained a single-site Swain–Schaad exponent of nHD ¼ 1:35 for
ð2Þ
the primary KIE, and of nHD ¼ 1:09 for the secondary KIE. The exponents,
ð1Þ
ð2Þ
nDT and nDT , for D/T ratios are 3.82 and 12.3, respectively. These values show
signiﬁcant deviations from the semiclassical limits, particularly on secondary
KIEs, which can have greater computational errors because of the small freeenergy diﬀerence. The deviations may be attributed to too large a secondary
H/D eﬀect.
Mixed isotopic Swain–Schaad exponent is often used to assess tunnelling:104
nDD
DT ¼

H
lnðkH
H =kT Þ
D
lnðkD
D =kT Þ

ð5:33Þ

nDT
DD ¼

T
lnðkH
H =kH Þ
T
lnðkD
D =kD Þ

ð5:34Þ

and

The ﬁrst equation is the primary Swain–Schaad exponent, which describes the
relationship between H/T primary KIE when the secondary position is occupied by a hydrogen atom with the D/T primary KIE when the secondary
position is occupied by a deuterium isotope. The second equation describes a
similar relationship for the secondary kinetic isotope eﬀects. Values of the
mixed Swain–Schaad exponents signiﬁcantly greater than 3.3 are typically
attributed to contributions from tunnelling,105 and experimental studies
showed that the secondary exponent is more sensitive than the primary exponent in this type of analysis.
For the proton-transfer reaction between nitroethane and acetate ion in
water, we obtain a primary KIE Swain–Schaad exponent of nDD
DT ¼ 3:31 and a
secondary exponent of nDD
DT ¼ 3:47. These results are close to the semiclassical
limit, suggesting that tunnelling contributions are not signiﬁcant for this
reaction in aqueous solution. It will be interesting to examine the eﬀects of the
enzyme-active site on tunnelling and the Swain–Schaad exponents.98,99

5.5.2 The Decarboxylation of N-Methyl Picolinate
The primary and secondary heavy atom kinetic isotope eﬀects for the decarboxylation of N-methyl picolinate have been determined by Rishavy and
Cleland.106 QM/MM simulations were carried out for N-methyl picolinate,
treated by the AM1 Hamiltonian, in a cubic box (30  30  30 Å3) of 888 water
molecules, described by the TIP3P potential.10 As usual, long-range electrostatic interactions were treated by the PME method for QM/MM potentials.91
2 ns of classical dynamics simulations were performed followed by path integral
PI-FEP/UM simulations, employing a total of 97 800 classical conﬁgurations
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13

14

15

for each isotope ( C, C, N, and N), combined with 10 path-integral steps
per classical conﬁguration. Each quantised atom was described by 32 beads.

C2

O

C2

N

C

N

CH3

O

CH3

+ CO2

Solvent eﬀects are signiﬁcant, increasing the free-energy barrier by 15.2 kcal/mol
to a value of 26.8 kcal/mol, which is accompanied by a net free energy of
reaction of 24.7 kcal/mol. The large solvent eﬀect is due to the presence of a
positive charge on the pyridine nitrogen, which is annihilated in the decarboxylation reaction.
Both the 12C/13C primary KIE and the 14N/15N secondary KIE have been
determined (Table 5.2), with the immediate adjacent atoms about the isotopic
substitution site quantised as well. To our knowledge, we are not aware of any
such simulations prior to our work for a condensed-phase reaction with converged secondary heavy isotope eﬀects.10 This demonstrate the applicability
and accuracy of the PI-FEP/UM method.10 Figures 5.2 and 5.3 depict the
diﬀerence between the 12C and 13C quantum eﬀects along the reaction path to
illustrate the computational sensitivity using algorithem 1 (PI/UM) and
algorithem 2 (PI-FEP/UM). First, the nuclear quantum eﬀects are non-negligible even for bond cleavage involving two carbon atoms, which reduce the
free-energy barrier by 0.45 kcal/mol (Figure 5.2). The computed intrinsic 13C
primary KIE, without including the reactant state quantum free energy term in
eqn (5.16), is 1.0345  0.0051 at 25 1C (Table 5.1). To emphasise the sensitivity
of the computational result, the computed KIE is equivalent to a free-energy
diﬀerence of merely 0.0187 kcal/mol, which is feasible by the use of free-energy
perturbation/umbrella sampling techniques. For comparison, the experimental
value is 1.0281  0.0003 at 25 1C. For the secondary 15N KIE, the PI-FEP/UM
simulation yields an average value of 1.0083  0.0026, which may be compared
with experiment (1.0070  0.0003).106 The agreement between theory and
experiment is excellent, which provides support for a unimolecular decarboxylation mechanism in this model reaction.

Table 5.2

Computed and experimental primary 12C/13C and secondary
N/15N kinetic isotope eﬀects for the decarboxylation of N-methyl
picolinate at 25 1C in water.
14

12

Exp (120 1C)
Exp (25 1C)
PI/UM
PI-FEP/UM

k/13k

1.0212  0.0002
1.0281  0.0003
1.035  0.877
1.034  0.005

14

k/15k

1.0053  0.0002
1.0070  0.0003
1.007  0.886
1.008  0.003
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Figure 5.2

Nuclear quantum-mechanical free-energy corrections for the decarboxylation reaction of N-methyl picolinate in aqueous solution from PI/UM
calculations. Two separate path integral simulations are performed in this
method.
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Figure 5.3

The ratio of the quantum-mechanical partition functions between 12C and
13
C isotopic substitutions at the carboxyl carbon position from the
PI-FEP/UM method. A single path integral simulation was performed.

126

Figure 5.4

Chapter 5

Computed primary (protium/deuterium) kinetic isotope eﬀects for the
proton-transfer reaction from chloroacetic acid to substituted methoxystyrenes (colour lines) in water represented by a polarizable dielectric
continuum model using the KP2/P20 theory (1 ¼ 4-methoxy, 2 ¼ H,
3 ¼ 4-Nitro, and 4 ¼ 3,5-dinitro groups).

5.5.3 Proton Transfer between Chloroacetic Acid and
Substituted a-Methoxystyrenes
Richard and coworkers reported the product isotope eﬀects of a series of
interesting reactions involving the formation of carbocations from aryl-substituted (R) a-methoxystyrenes by proton transfer from chloroacetic acid.107,108
These product isotope eﬀects have been converted into KIEs, and the eﬀects of
substituents on the observed KIEs have been determined by the KP2/P20 theory.7 Figure 5.4 shows the computed KIEs using only harmonic frequencies
(zero-point energies) and the KP2/P20 values that include tunnelling and
anharmonic corrections. Clearly, although the harmonic values correctly
reproduced the experimental trend as a function of substituent electronwithdrawing power, the absolute values are signiﬁcantly underestimated in
comparison with experiment. Inclusion of anharmonicity for the description of
the individual potential along each normal mode coordinate and tunnelling near
the barrier top is critical to obtaining quantitative results for the computed KIEs.

5.6 Concluding Remarks
Centroid path integral methods have been presented for computing kinetic
isotope eﬀects for chemical reactions in aqueous solution. Three algorithms are
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described: the ﬁrst two algorithms involve discretised centroid path integral
simulations to make quantum corrections to the classical free-energy path, and
the third algorithm employs Kleinert variational perturbation theory at the
second order in which the path integrals have been integrated analytically. In
computing kinetic isotope eﬀects, the ﬁrst discretised simulation method is
similar to the quantised classical path (QCP) approach developed by Hwang
and Warshel, but we have developed a fast-converging sampling scheme,
namely the bisection sampling method BQCP, by extending the method originally used by Ceperley and coworkers. In the second simulation algorithm,
free-energy perturbation is employed by perturbing the light isotope mass into
a heavier one in one single simulation, thereby avoiding the need of subtracting
two quantum free energies with equally large ﬂuctuations from two separate
simulations. Thus, the accuracy in the computed KIEs is signiﬁcantly
improved. In Kleinert variational perturbation theory, analytical results are
obtained when the potential surface is represented as a polynomial function,
avoiding numerical convergence problems altogether. These methods are illustrated by computing the primary and secondary KIEs, analysing the results of
the rule of geometric mean, and elucidating substituents eﬀects. Three reactions
have been considered: the proton abstraction of nitroethane by acetate ion, the
proton-transfer reaction between substituted methoxystyrenes and chloracetic
acid, and the decarboxylation of N-methyl picolinate, all of which are in water.
These examples illustrate the shortcomings of the two-separate simulation
strategy of algorithem 1, typically used in the literature in path integral-based
calculations of KIEs, and improved accuracy in the integrated centroid path
integral–free energy perturbation and umbrella sampling scheme (algorithem 2)
that uses a single simulation of a single isotope by perturbing its mass in the
context of bisection sampling. Finally, the Kleinert variational perturbation
theory gives an automated, numerical integration-free method for computing
KIEs. The KP theory has the feature of exponentially and uniformly convergent such that the second-order perturbation (KP2) is suﬃcient to provide
accurate results. An instantaneous normal mode approximation was made to
extend the KP2 theory to multidimensional systems.
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